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NONCOMMUTATIVE BROWNIAN MOTIONS ASSOCIATED WITH
KESTEN DISTRIBUTIONS AND RELATED POISSON PROCESSES
ROMUALD LENCZEWSKI AND RAFA SAAPATA
Abstrat. We introdue and study a nonommutative two-parameter family of non-
ommutative Brownian motions in the free Fok spae. They are assoiated with
Kesten laws and give a ontinuous interpolation between Brownian motions in free
probability and monotone probability. The ombinatoris of our model is based on
ordered non-rossing partitions, in whih to eah suh partition P we assign the weight
wpP q  pepP qqe
1
pP q
, where epP q and e1pP q are, respetively, the numbers of disorders
and orders in P related to the natural partial order on the set of bloks of P im-
plemented by the relation of being inner or outer. In partiular, we obtain a simple
relation between Delaney's numbers (related to inner bloks in non-rossing parti-
tions) and generalized Euler's numbers (related to orders and disorders in ordered
non-rossing partitions). An important feature of our interpolation is that the mixed
moments of the orresponding reation and annihilation proesses also reprodue their
monotone and free ounterparts, whih does not take plae in other interpolations. The
same ombinatoris is used to onstrut an interpolation between free and monotone
Poisson proesses.
AMS Classiation: 46L53, 46L54, 60F05
1. Introdution
In nonommutative probability several nonommutative Brownian motions have been
introdued and studied. In partiular, dierent notions of nonommutative indepen-
dene (either abstrat, or restrited to the Fok spae level) lead to dierent nonom-
mutative (i) entral limit theorems, (ii) analogues of the lassial Brownian motion, (iii)
Poisson-type proesses. In this ontext let us mention here the well known examples of
the boson Brownian motion on the symmetri Fok spae of Hudson and Parthasarathy
[10℄, the fermion Brownian motion on the antisymmetri Fok spae of Applebaum and
Hudson [1℄, the free Brownian motion on the free Fok spae of Speiher [22℄ and the
monotone Brownian motion of Muraki [18℄ (see also Lu [17℄) on the monotone Fok
spae. An important feature of the free Brownian motion is that it an be obtained
as the limit in distribution of (as the dimension beomes innite) of a sequene of
Brownian motions in the nite-dimensional Hermitian matries, as shown by Biane [4℄.
Interpolations between these examples have also been studied. For instane, an inter-
polation between the boson, fermion and free Brownian motions alled the q-Brownian
motion was studied by Bo»ejko and Speiher [6℄. In the bialgebra and Hopf algebra on-
text, respetively, two dierent q-entral limit theorems and related Brownian motions
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e, free independene, free Brownian motion, mono-
tone Brownian motion, Kesten laws, Poisson pro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k spae
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were studied by Shurmann [29℄ and the author [14,15℄. In this paper, we introdue
and study an interpolation between nonommutative Brownian motions in monotone
probability of Muraki [19℄ and free probability of Voiulesu [22,23℄.
Our interpolation depends on two ontinuous nonnegative parameters p, q. The most
important reason why we nd this interpolation interesting is that it is based on the
ombinatoris of ordered non-rossing partitions ONC and thus gives a very natural
interpolation between the ombinatoris of non-rossing partitions NC in free probabil-
ity [21℄ and the ombinatoris of monotone non-rossing partitionsMNC in monotone
probability [19℄.
By a monotone non-rossing partition of the set rns : t1, 2, . . . , nu we understand a
sequene P  pP1, P2, . . . , Prq of bloks, in whih the fat that blok Pj is inner with
respet to blok Pi implies that i   j. In other words, the natural partial order on the
set of bloks of P implemented by the relation of being inner or outer is respeted by
the formal order dened by positions of bloks in P . The term `monotone non-rossing
partition' omes from our work [16℄, but it an be traed bak to the partitions studied
by Muraki [19℄.
The key observation is that the lass of non-rossing partitions as well as the lass of
monotone non-rossing partitions an be inluded in the sheme of ordered non-rossing
partitions if one assigns the weight pepP q to eah P P ONC, where p ¥ 0 and epP q is
the number of disorders, or Euler inversions. By a disorder in P  pP1, P2, . . . , Prq we
understand a pair of bloks tPi, Pju suh that i   j, Pi is inner with respet to Pj and
lies immediately under Pj, i.e. with no intermediate bloks between. Then, for p  0
we obtain monotone non-rossing partitions with the same weight and the ase p  1
orresponds to all ordered non-rossing partitions with the same weight, whih redues
to NC.
In a similar way, we an introdue the seond parameter q ¥ 0 and assign to eah P
the weight qe
1
pP q
, where e1pP q is equal to the number of orders in P (by an order we
understand any pair tPi, Pju suh that i   j and Pi is outer with respet to Pj). The
seond parameter is not neessary to give all Kesten laws as suh (in partiular, the
Wigner law) but is needed when to reprodue all mixed moments of the free Brownian
motion. Besides, it provides a natural symmetry between orders and disorders in our
ombinatoris. As a onsequene, we obtain a nie relation between Delaney's numbers
Dpn, k   jq, whih give the numbers of partitions π P NC2
2n whih have k   j inner
bloks, and generalized Euler's numbers Epn, k, jq, by whih we understand the numbers
of ordered partitions P P ONC2
2n whih have k disorders and j orders.
Using a weight funtion on L2pR
 
q  L2pR
 
q related to wpP q, we dene on the free
Fok spae pp, qq-reation and annihilation proesses, patqt¥0 and pa

t qt¥0, respetively,
and the orresponding anonial position proess pωtqt¥0, or Brownian motion, where
ωt  at   a

t (parameters p, q are supressed in the notation) (in a similar way we an
dene the anonial momentum proess ηt  ipat  a

t q). In partiular, we obtain the
ombinatorial formula
(1.1) ϕpω2nt q 
¸
PPONC2
2n
wpP qtn
bpP q!
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for the even moments of the position proess in the vauum state ϕ on FpR
 
q (the odd
moments vanish), where the weight is given by
(1.2) wpP q  pepP qqe
1
pP q
and bpP q denotes the number of bloks of P . By ONCn (ONC
2
n) we denote the set of
ordered non-rossing partitions (pair-partitions) of rns.
Similarly, the moments of suitably dened proesses of Poisson type pγtqt¥0 (depen-
dene on p, q is supressed again) an be expressed as
(1.3) ϕpγnt q 
¸
PPONCn
wpP qtbpP q
bpP q!
.
It is easy to see that for pp, qq  p0, 1q and pp, qq  p1, 1q the above formulas give the
moments of anonial position proesses and Poisson proesses in monotone probability
and free probability, respetively. The ase pp, qq  p1, 0q orresponds to the anti-
monotone proesses. Finally, the ase pp, qq  p0, 0q orresponds to boolean proesses.
Moreover, we show that our anonial position proesses are assoiated with Kesten
distributions. For instane, for t  1, the moments of ω1 agree with the moments of
Kesten measures with densities
(1.4) fp,qpxq 
1
π
a
2pp  qq  x2
2 p2 p qqx2
, x P r
a
2pp  qq,
a
2pp  qqs
and atoms at x   1?
1pp qq{2
for p   q   1. In partiular, for pp, qq  p0, 1q (as well
as for pp, qq  p1, 0q) we obtain the standard arsine law and for pp, qq  p1, 1q  the
standard Wigner law.
Let us point out that our model interpolates not only between the moments of the
anonial free and monotone position proesses, but also between the orresponding
mixed moments of reation and annihilation proesses. Moreover, it reprodues inde-
pendene on both Fok spaes. Therefore, at least on the Fok spae level, it may
be viewed as an interpolation between monotone independene and free independene.
This feature is absent in the t-interpolation of Bo»ejko and Wysoza«ski [7℄, whih
also reprodues the moments of Kesten laws [11℄, but does not reprodue monotone
independene. Namely, neither the mixed moments of monotone independent reation
and annihilation proesses nor the mixed moments of position proesses (with arsine
distributions) assoiated with disjoint intervals agree with the orresponding moments
of t-deformed proesses for the right value of t.
To put it in the general framework of interating Fok spaes, let us notie that
one of the main points of the t-interpolation and of the `gaussianization of probability
measures' [2℄ is that one an reprodue the moments of lassial probability measures
by means of nonommutative Gaussian operators on the one-mode interating Fok
spaes (see also [8,9℄ for a related result on symmetri measures). Of ourse, one-
mode interating Fok spaes are examples of interating Fok spaes [3℄ in whih
deformations of the inner produt on the free Fok spae are very simple (and are
related to the Jaobi parameters of probability measures). Our deformations of the free
Fok spaes (or, of the orresponding reation and annihilation operators) are more
ompliated and, roughly speaking, they might be viewed as examples of two-mode
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interating Fok spaes. Although our motivation is of ombinatorial nature rather than
related to the interating Fok spae struture, it seems that this is the reason why we
an also reprodue nonommutative independene apart from the lassial properties
like `gaussianization' in the one-mode ase.
Let us mention here that a disrete interpolation between monotone probability and
free probability, alled the monotone hierarhy of freeness, was studied in [16℄. In
partiular, we obtained a ombinatorial formula for the mixed moments of the hierarhy
ofm-monotone Gaussians, based on the ombinatoris in whih one ounts bloks whih
are inner with respet to eah blok (as in the ase of Poisson operators studied by
Muraki [19℄) rather than on the ombinatoris based on bloks' depths [2℄, or levels of
Catalan paths [8,9℄, whih is equivalent in the ase of symmetri measures. Moreover,
this also allowed us to reprodue the mixed moments of monotone independent reation
and annihilation operators, whih are not reprodued by the formulas given in [2℄.
2. Combinatoris of Kesten laws
The set of all partitions of the set rns will be denoted Pn. We say that π P Pn is
non-rossing if there are no pairs tk, k1u  πi and tm,m
1
u  πj with i  j and suh that
k   m   k1   m1. The set of all non-rossing partitions of the set rns will be denoted
NCn. By P2n we will denote the set of all pair-partitions of rns and NC
2
n : NCn XP
2
n.
On the set of bloks of π P NCn we an introdue a natural partial order. Namely,
we will say that πi is inner with respet to πj for i  j if there exist a, b P πj suh that
for all c P πi it holds that a   c   b, in whih ase we shall write πj   πi. Moreover,
we set πj ¤ πi i πj   πi or πj  πi. Equivalently, we will say that πj is outer w.r.t.
πi. We will say that bloks πj , πi are neighboring if they are omparable in the above
sense and there are no other `intermediate' bloks between them, i.e. if πj   πi and
πj ¤ πk ¤ πi implies that k  i or k  j. If πi, πj are neighboring bloks and πj   πi,
we will write πj   πi. A blok πi is alled outer in π if π has no bloks whih are outer
with respet to πi.
The pair P  pπ, σq, where π  tπ1, π2, . . . , πku P Pn and σ is a permutation from
the symmetri group Sk, will be alled an ordered partition of the set rns and will be
identied with the sequene P  pP1, P2, . . . , Pkq, where Pi  πσpiq. In partiular, we
will write Pj   Pi if πσpjq   πσpiq. The set of all ordered (pair, non-rossing, non-rossing
pair) partitions of rns will be denoted OP n (respetively, OP
2
n, ONCn, ONC
2
n).
Let us observe that in eah ordered partition P  pπ, σq, the permutation σ denes
a linear order on the set of bloks of π. Comparing this order with the partial order
given by the relation of being inner (outer) for P P ONCn, we an introdue disorders
betwen bloks.
Denition 2.1. If P  pP1, P2, . . . , Pkq P ONCn, we will say that the pair tPi, Pju
forms a disorder or Euler inversion if i   j and Pj   Pi. If i   j and Pi   Pj , we will
say that the pair tPi, Pju forms an order. The numbers of all disorders and orders in P
will be denoted epP q and e1pP q, respetively. In a similar way we dene disorders and
orders in the permutation σ P Sn assoiated with eah index i P t1, 2, . . . , n  1u for
whih σpiq   σpi   1q and σpiq ¡ σpi   1q, respetively. The numbers of all disorders
and orders in σ will be denoted epσq and e1pP q, respetively.
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Q 
 
t1, 8u, t3, 4, 7u, t2u, t5, 6u

P 
 
t2, 3u, t4, 7u, t5, 6u, t1, 8u

Figure 1. Examples of ordered non-rossing partitions
Remark 2.1. Well-known Euler numbers, denoted
〈
n
k
〉
, give the numbers of permuta-
tions of the set rns whih have k disorders.
Example 2.1. Consider ordered non-rossing partitions P P ONC28 and Q P ONC8
given in Fig.1. Parititon P has 3 pairs of neighboring bloks: P4   P2, P4   P1 and
P2   P3. Only the rst two give disorders, thus epP q  2 and e
1
pP q  1. Pairs of
neighboring bloks in Q are the following: Q1   Q2, Q1   Q3 and Q2   Q4. None of
them gives a disorder, thus epQq  0 and e1pQq  3. Non-rossing ordered paritions
whih do not have disorders are alled monotone [16℄.
By ONCCn pONCC
2
nq we denote the set of those ordered non-rossing partitions
(pair-partitions) of rns, in whih the numbers 1 and n belong to the same blok. Suh
partitions will be alled overed. Let us introdue numbers
rn 
1
n!
¸
PPONC2
2n
wpP q , sn 
1
n!
¸
PPONCC2
2n
wpP q
for n ¥ 1 and set r0  1, s0  0, where wpP q is given by (1.2).
Proposition 2.1. The following relation between sequenes prnq
8
n1 and psnq
8
n1 holds:
rn 
n¸
m1
¸
k1 k2 ... kmn
sk1sk2 . . . skm , n ¥ 1.
where the seond summation runs over positive indies k1, . . . , km.
Proof. Let Qpiq  pQ
piq
1
, Q
piq
2
, . . . , Q
piq
ki
q, where i  1, 2, . . . , m, be arbitrary pair-
partitions from the sets ONCC2
2ki
, respetively, suh that k1   . . .   km  n. From
the bloks of all these partitions we onstrut ordered pair partitions of rns with the
shape given by Fig.2. We order all bloks Q
piq
j of the subpartition Q
piq
in suh a way
that the order between bloks from the same partition Qpiq is preserved. There are
n!
k1!...km!
suh orderings and eah of them denes exatly one P P ONC2
2n. Moreover,
eah partition from ONC22n an be obtained in this fashion by an appropriate hoie of
overed partitions Qpiq. From the above reasoning we obtain
(2.1)

ONC2
2n



n¸
m1
¸
k1 k2 ... kmn
n!
k1! . . . km!

ONCC2
2k1

 . . .

ONCC2
2km

 .
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P
hkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkikkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkj
r r  
loooooooomoooooooon
Qp1q
r r  
loooooooomoooooooon
Qp2q
   r r  
loooooooomoooooooon
Qpmq
Figure 2. P P ONC onstruted from Qp1q, . . . , Qpmq P ONCC.
Clearly, between bloks whih belong to dierent partitionsQpiq and Qpjq, i  j, there
are no orders or disorders. Therefore,
epP q  epQp1qq   epQp2qq   . . .  epQprqq
e1pP q  e1pQp1qq   e1pQp2qq   . . .  e1pQprqq
whih gives multipliativity of the weights
wpP q  wpQp1qqwpQp2qq . . . wpQprqq
and that, together with (2.1), gives the assertion. 
Corollary 2.1. Let Rpzq 
°
8
n0 rn z
n
and Spzq 
°
8
n0 sn z
n
be formal power series.
Then
Rpzq 
1
1 Spzq
.
Proof. Using Proposition 2.1 and simple algebrai omputations, we get
Rpzq  1 
8
¸
n1
rnz
n

8
¸
n1
n¸
m1
¸
k1 k2 ... kmn
sk1sk2 . . . skmz
n

8
¸
m1
8
¸
nm
¸
k1 k2 ... kmn
sk1sk2 . . . skmz
n

8
¸
m1
pSpzqqm 
Spzq
1 Spzq
from whih our assertion follows. 
In order to nd Rpzq, we introdue another sequene of numbers, denoted panq
8
n0
and dened by the ombinatorial formula
(2.2) an 
n¸
m1
¸
k1 k2 ... kmn
pmsk1sk2 . . . skm
for n ¥ 1 and we set a0  1. Let us observe that an is the sum of ontributions to rn 1
of these pair partitions P  pP1, . . . , Pn 1q P ONCC
2
2n 2 whih are overed by the blok
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Pn 1
r r  
loooooooomoooooooon
Q1
r r  
loooooooomoooooooon
Q2
   r r  
loooooooomoooooooon
Qr
Figure 3. Partition overed by the last blok Pn 1.
of highest olor, namely Pn 1. Therefore,
(2.3) an 
1
n!
¸
PPONCC2
2n 2
Pn 1t1,2n 2u
wpP q
for n ¥ 0. In fat, eah neighboring blok of Pn 1 orresponds to a ertain overed
partition Qi P ONCC
2
2ki
for i  1, . . . , m, as Fig.3 shows. Of ourse, k1   . . .  km  n.
Besides, let us observe that eah neighboring blok of Pn 1 forms a disorder with blok
Pn 1. This justies equivalene of (2.2) and (2.3).
Corollary 2.2. Let Apzq 
°
8
n0 an z
n
be a formal power series. Then
Apzq 
1
1 pSpzq
.
Proof. Using algebrai alulations and equation (2.2), we obtain
Apzq  1 
8
¸
n1
anz
n

8
¸
n1
n¸
m1
¸
k1 k2 ... kmn
pmsk1sk2 . . . skmz
n

8
¸
m1
pm
8
¸
nm
¸
k1 k2 ... kmn
sk1sk2 . . . skmz
n

8
¸
m1
ppSpzqq
m

pSpzq
1 pSpzq
from whih we get the assertion. 
To nd a relation between Rpzq and Apzq we shall need some additional notations.
Let ONCCnprq (ONCC
2
nprq) denote the sets of ordered partitions (pair partitions) of
rns with r outer bloks, and, for r  1, . . . , n, introdue sequenes
(2.4) sprqn 
1
n!
¸
QPONCC2
2nprq
wpP q
for n ¥ 1, and set s
prq
0
 0. Of ourse, s
p1q
n  sn and s
prq
r  1.
Proposition 2.2. Let Sprqpzq 
°
8
nr s
prq
n zn, where r ¥ 1. Then
Sprqpzq 
 
Spzq
r
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Proof. Notie that we have the following relation between sequenes psnqn¥1 and
ps
prq
n qn¥1:
sprqn 
¸
k1 k2 ... krn
sk1 . . . skr , n ¥ r ,
where k1, k2, . . . , kr are assumed to be positive integers. This gives
Sprqpzq 
8
¸
nr
¸
k1 k2 ... krn
sk1 . . . skrz
n


8
¸
n1
snz
n
	r

 
Spzq
r
.
whih proves our assertion. 
Lemma 2.1. For n ¥ r   1 it holds that
sprqn 
r
n
nr 1
¸
k1
ak1s
pr1q
nk  
q
n
nr¸
k1
p2n 2k  rqak1s
prq
nk .
Proof. Let us split (2.4) into two sums: the rst one running over those partitions
from ONCC22nprq in whih the blok of highest olor is outer, and the seond one  over
the remaining partitions. Then
sprqn 
1
n!
¸
PPONCC2
2n
prq
Pnouter
wpP q  
1
n!
¸
PPONCC2
2n
prq
Pninner
wpP q

1
n!
nr 1
¸
k1
¸
TPONCC2
2k
Tkt1,2ku
¸
QPONCC2
2n2k
pr1q
r

n 1
k  1


wpT qwpQq
 
1
n!
nr¸
k1
¸
TPONCC2
2k
Tkt1,2ku
¸
QPONCC2
2n2k
prq
p2n 2k  rq

n 1
k  1


qwpT qwpQq

r
n
nr 1
¸
k1
ak1s
pr1q
nk  
q
n
nr¸
k1
p2n 2k  rqak1s
prq
nk .
whih ompletes the proof. 
From the above lemma we get a relation between the Sprqpzq's and Apzq in the form
of a dierential equation.
Corollary 2.3. The funtions Sprqpzq and Apzq satisfy the dierential reurrene
 
Sprqpzq

1
 rSpr1qpzqApzq   2qz
 
Sprqpzq

1
Apzq  qrApzqSprqpzq ,
with initial onditions Sprqp0q  0 , Ap0q  1.
Proof. In view of Lemma 2.1, we have
 
Sprqpzq

1

8
¸
nr
nsprqn z
n1
 rzr1   r
8
¸
nr 1
nr 1
¸
k1
ak1s
pr1q
nk z
n1
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 q
8
¸
nr 1
nr¸
k1
p2n  2k  rqak1s
prq
nkz
n1
 r
8
¸
nr
nr 1
¸
k1
ak1s
pr1q
nk z
n1
  2q
8
¸
nr 1
nr¸
k1
pn kqak1s
prq
nkz
n1
qr
8
¸
nr 1
nr¸
k1
ak1s
prq
nkz
n1
 r
8
¸
nr1
npr1q
¸
k0
aks
pr1q
nk z
n
  2qz
8
¸
nr
nr¸
k0
akpn kqs
prq
nkz
n1
qr
8
¸
nr
nr¸
k0
aks
prq
nkz
n
 rSpr1qpzqApzq   2qz
 
Sprqpzq

1
Apzq  qrApzqSprqpzq
Of ourse, Sprqp0q  0 and Ap0q  a0  1, whih ompletes the proof. 
Using the relations bewteen funtions Rpzq, Apzq and Sprqpzq, r ¥ 1, we an now
derive the expliit form of Rpzq, whih will turn out to be related to the moment
generating funtion of Kesten laws.
Theorem 2.1. For eah p ¥ 0, p ¥ 0, p  q ¡ 0, the sequene pmnqn¥0, where
mn 
"
rk if n  2k
0 if n is odd
is the sequene of moments of the Kesten measure (1.4). The probability measure de-
termined by the moments is unique.
Proof. Using Corollary 2.3 and Proposition 2.2, we obtain a dierential equation for
Spzq, namely
rS 1pzq  rApzq   2qrzS 1pzqApzq  qrSpzqApzq
whih, in view of Corollary 2.1, leads to the dierential equation for Rpzq of the form
R1pzq 
R2pzq
 
p1 qqRpzq   q

Rpzq
 
1 p 2qz

  p
with the initial ondition Rp0q  1. Let us observe now that the funtion Rpzq must be
symmetri with respet to p and q (this easily follows from the denition of Rpzq if we
reverse the order in all ordered non-rossing pair partitions over whih the summation
is taken). Thus, if we denote Rpzq  Rp,qpzq, then Rp,qpzq  Rq,ppzq. Therefore, we
obtain another dierential equation for Rpzq with p and q interhanged. This allows us
then to redue the above equation to the (algebrai) quadrati equation, namely
AR2pzq  BRpzq   C  0
where
A  p1 qq2  p1 pq2  2pz   2qz ,
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B  2qp1 qq  2pp1 pq ,
C  q2  p2 ,
whih has two solutions,
Rpzq 
p  q  1
a
1 2pp  qqz
p   q  2  2z
but only the one orresponding to the minus sign satises the initial ondition Rp0q  1.
If we dene the orresponding moment generating funtion by takingmn  rk for n  2k
with odd moments equal to zero, we obtain the funtion Mpzq 
°
8
n0mnz
n
 Rpz2q
and the orresponding Cauhy transform
Gpzq 
1
z
M

1
z



pp  q  1qz 
a
z2  2pp  qq
2 p2 p qqz2
.
turns out to be the Cauhy transform of the (uniquely determined) Kesten distribution
µp,q (with the absolutely ontinuous part given by (1.4)). 
Remark 2.2. The ontinued fration representation of Gpzq takes the form
Gpzq 
1
z 
1
z 
t
z 
t
z 
.
.
.
.
where t  1{2pp   qq. Suh Cauhy transforms were obtained in the ontext of the
so-alled t-transformation of measures [7℄. However, we will show later that our om-
binatoris is dierent and, when arried over to the Fok spae level, gives a dierent
Brownian motion (although it also has Kesten distributions).
3. Nonommutative Brownian motions
We will now onstrut new types of nonommutative Brownian motions on the free
Fok spae whih have Kesten distributions and are parametrized by two nonnegative
real numbers p, q. They an be viewed as an interpolation between the free Brownian
motion obtained for pp, qq  p1, 1q and the monotone Brownian motion orresponding
to pp, qq  p0, 1q (the anti-monotone and boolean Brownian motions are also obtained,
for pp, qq  p1, 0q and pp, qq  p0, 0q, respetively). Moreover, the mixed moments of
the assoiated reation and annihilation operators in the vauum state agree with their
ounterparts in free probability and monotone probability, a feature absent in other
interpolations.
By the free Fok spae over a Hilbert spae H  L2pR
 
q we understand the diret
sum
(3.1) FpHq  CΩ`
8
à
n1
Hbn  CΩ`
8
à
n1
L2pRn
 
q
with the anonial inner produt.
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Let w be the weight funtion on R
 
 R
 
given by
wps, tq 
$
&
%
p if 0   s   t
q if 0   t   s
1 otherwise
,
where p ¡ 0, q ¥ 0. Now, introdue speial vetors in FpHq denoted by the `tensor-like'
symbol f1 f f2 f . . .f fn, where
pf1 f f2 f . . .f fnqpt1, t2, . . . , tnq : f1pt1q
a
wpt1, t2qf2pt2q . . .
a
wptn1, tnqfnptnq.
These vetors remind simple tensors, but they have the `nearest neighbor oupling'.
Note that the set of suh vetors is dense in FpHq if p ¡ 0 and q ¡ 0. If pp, qq  p0, 1q,
it is dense in the monotone Fok spae
MpHq  CΩ`
8
à
n1
L2p∆pnqq
where ∆pnq  tpt1, . . . , tnq P R
n
 
; t1 ¤ . . . ¤ tnu. In turn, if pp, qq  p1, 0q, it is dense
in the anti-monotone Fok spae (similar to the monotone Fok spae, but with the
reversed order of oordinates). If pp, qq  p0, 0q, we obtain in turn CΩ` L2pR
 
q.
Let us dene suitable reation, gauge and annihilation operators whih are pp, qq-
deformations of their free ounterparts.
Denition 3.1. Dene the pp, qq-reation operator apfq : FpHq Ñ FpHq assoiated
with f P H as the bounded linear extension of
apfqΩ  f(3.2)
apfq pf1 f f2 f . . .f fnq  f f f1 f . . .f fn(3.3)
where f, f1, . . . , fn P H.
Denition 3.2. For any f P L8pR
 
q with |fp0q|   8, by the pp, qq-gauge operator on
FpHq assoiated with f we understand the bounded linear extension of
MpfqΩ  fp0qΩ
Mpfq pf1 f f2 f . . .f fnq  pff1q f f2 f . . .f fn
for any f1, f2, . . . , fn P H.
In partiular, by Mpf, gq we will denote the gauge operator assoiated with the
funtion dened by the weighted inner produt on H, namely
xxf, gyyptq :
»
R
 
fpsqgpsqwps, tqds .
Note that this gauge operator multiplies the vauum vetor by the value of the inner
produt of f and g, i.e.
(3.4) Mpf, gqΩ  xf, gyΩ
thanks to our assumption that wps, 0q  1 for any s ¥ 0. The pp, qq-gauge operator
allows us to write a simple formula for the ation of the annihilation operators.
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Proposition 3.1. The ation of the pp, qq-annihilation operator apfq assoiated with
f P H, adjoint with respet to the reation operator apfq, is given by the bounded linear
extension of
apfqΩ  0
apfq pf1 f f2 f . . .f fnq  Mpf1, fq pf2 f f3 f . . .f fn , q(3.5)
where f1, f2, . . . , fn P H. Thus, in partiular, apfqf1  xf1, fy.
Remark 3.1. Equivalently, we an use a deformed inner produt on the free Fok
spae and dene the reation operators to be the free reation operators, whereas the
annihilation operators to be their adjoints with respet to the pp, qq-deformed inner
produt given by
xF,Gy  δn,m
¸
σPSn
wpσ1q
»
∆σ
F pt1, . . . , tnqGpt1, . . . , tnqdt1 . . . dtn ,
for any p, q ¡ 0, where F P L2pRn
 
q, G P L2pRm
 
q, and xΩ,Ωy  1, xΩ, F, y  0. This
denition an be extended to p, q ¥ 0 exept that one has to divide the above vetor
spae by the orresponding kernel of the sesquilinear form.
The gauge operators (whih ommute among themselves) allow us to write relations
between reation, annihilation and gauge operators in a simple form as the proposition
given below shows (we omit the elementary proof).
Proposition 3.2. The following relations hold:
(3.6) apgqapfq Mpf, gq, Mphqapfq  aphfq, apfqMphq  apfhq
where f, g P H and h P L8pR
 
q with |hp0q|   8.
By the pp, qq-Gaussian operator assoiated with the funtion f P H we will understand
the self-adjoint position operator given by the sum ωpfq  apfq   apfq. In turn, by
the assoiated Brownian motion we will understand the proess pωtqt¥0, where ωt 
ωpχ
r0,tqq. Below we will nd a formula for the mixed moments ϕpωpf1qωpf2q . . . ωpfnqq,
where ϕ is the vauum state on FpHq and f1, f2, . . . , fn P Θ, where
(3.7) Θ : tχ
rs,tq; 0 ¤ s   t   8u
is the set of harateristi funtions of intervals.
We shall assume that supports of these funtions are pairwise disjoint and are ordered
by the partial order I1   I2 whenever t1   t2 for all t1 P I1, t2 P I2. We then set I1 ¤ I2
whenever I1   I2 or I1  I2. The same notation will be used for the orresponding
harateristi funtions f  χI1 , g  χI2 , i.e. f   g and f ¤ g. Note that, as in the
monotone ase, it is not possible to obtain a similar formula for arbitrary funtions, or
even for harateristi funtions with arbitrary supports.
Example 3.1. Let f : f1  f2  f5  f6  χ
r1,2q and g : f3  f4  χr0,1q. Besides,
to simplify notation, we set aǫpfiq  a
ǫ
i for i  1, . . . , 6 and ǫ  1, . Then
ϕpωpf1qωpf2q . . . ωpf6qq  ϕpa

1a2a

3a4a

5a6q   ϕpa

1a

2a3a4a

5a6q
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 ϕpa1a2a

3a

4a5a6q   ϕpa

1a

2a3a

4a5a6q(3.8)
 ϕpa
1
a
2
a
3
a4a5a6q ,
sine the other mixed moments ertainly vanish. However, the seond, third and fourth
summands also give zero ontribution to (3.8) sine in eah of them a reation operator
assoiated with g is paired with an annihilation operator assoiated with f or vie
versa and these funtions have disjoint supports. Therefore, it is enough to ompute
the ontribution from the rst and last summands:
ϕpa
1
a
2
a
3
a4a5a6q  xa

1
a
2
a
3
pg f f f fq,Ωy  p

a
1
a
2
pf f fq,Ω
D
 p
»
2
1
»
2
1
wpt1, t2qdt1dt2 
pq   p
2
.
ϕpa
1
a2a

3
a4a

5
a6q  1.
Thus
ϕpωpf1qωpf2q . . . ωpf6qq 
pq   p  2
2
.
Before we nd a formula for all moments, let us introdue some additional notations
(most of them are taken from [16℄).
Denition 3.3. Let f1, f2, . . . , fn P Θ have pairwise idential or disjoint supports. We
will say that P  pP1, . . . , Pmq P OPn is adapted to pf1, f2, . . . , fnq, whih we denote
P  pf1, f2, . . . , fnq, if and only if it satises two onditions:
1. i, j P Pk ùñ fi  fj ,
2. i P Pk, j P Pl and k   l ùñ fi ¤ fj .
In turn, if π  tπ1, . . . , πmu P Pn, then we will say that π is adapted to pf1, f2, . . . , fnq if
and only if its bloks satisfy only the rst ondition, whih we denote π  pf1, . . . , fnq.
Denition 3.4. If π  pf1, f2, . . . , fnq, then the support of blok πi is supp πi  supp fj ,
for any j P πi. In turn, the support of the partition π P Pn is
supp π  tpt1, . . . , tmq; tk P supp πk, k  1, . . . , mu .
Finally, for π P NC22k and any f1, f2, . . . , f2k P Θ we will also use a simplied notation
(3.9) aπpf1, f2, . . . , f2kq  a
ǫ1
pf1qa
ǫ2
pf2q . . . a
ǫ2k
pf2kq ,
where we understand that ǫi   and ǫj  1 whenever ti, ju is a blok of π and i   j.
Lemma 3.1. If f1, f2, . . . , f2n P Θ have pairwise idential or disjoint supports and
π P NC22n is not adapted to pf1, f2, . . . , f2nq, then ϕ paπpf1, f2, . . . , f2nqq  0.
Proof. Sine π is not adapted to pf1, . . . , f2nq, there exists a blok ti, ju P π, suh that
fi, fj have disjoint supports. Assuming that i   j, we obtain
ϕ paπpf1, f2, . . . , f2nqq
 〈aǫ1pf1q . . . a

pfiq . . . apfjq . . . a
ǫ2n
pf2nqΩ,Ω〉
 〈aǫ1pf1q . . . a

pfiq . . . apfjqpg1 f . . .f gkq,Ω〉
 〈aǫ1pf1q . . . a

pfiq . . . a
ǫj1
pfj1qpfj f g1 f . . .f gkq,Ω〉
 c 〈aǫ1pf1q . . . a

pfiqpfj f g1 f . . .f gkq,Ω〉
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 c
〈
aǫ1pf1q . . . a
ǫi1
pfi1qMpfj , fiq g1 f . . .f gk,Ω
〉
 0 ,
where we used the fat that Mpfj , fiq  0 sine fj and fi have disjoint supports. 
Let π  tπ1, . . . , πku  pf1, . . . , fnq, where f1, f2, . . . , fn P Θ have pairwise idential
or disjoint supports and let σ P Sk. Then the pair pπ, σq an be identied with an
ordered partition, for whih we an dene the set ∆
pπ,σq  supp π X∆σ, i.e.
(3.10) ∆
pπ,σq 
 
pt1, . . . , tnq P R
n; tσp1q ¤ . . . ¤ tσpnq , ti P supp πi , i  1, . . . , n
(
.
Then the following Proposition holds.
Proposition 3.3. Suppose f1, . . . , f2n P Θ have pairwise idential or disjoint supports
and let π  tπ1, . . . , πnu be a pair partition whih is adapted to pf1, . . . , f2nq. Then, for
any σ P Sn suh that pπ, σq  pf1, . . . , f2nq it holds that ∆
pπ,σq  H.
Proof. We know that π  pf1, . . . , f2nq and pπ, σq  pf1, . . . , f2nq. Therefore, pπ, σq
deos not satisfy ondition 2 of Denition 3.3, i.e.
Dk,lPt1,...,nu iPπσpkq,jPπσplq k   l i fi ¡ fj .
Let us suppose that pt1, . . . , tnq P ∆pπ,σq. Then it must hold that
(3.11) tσpkq ¤ tσplq ,
sine k   l. On the other hand, fi ¡ fj and tσpkq P supp πσpkq  supp fi as well as
tσplq P supp πσplq  supp fj , thus tσpkq ¡ tσplq, whih ontradits (3.11). 
In the sequel we will have to ollet funtions with the same supports in a suitable
way. Suppose that f1, . . . , f2n P Θ have pairwise idential or disjoint supports and let
g1, . . . , gr P Θ be suh that
(3.12) tf1, . . . , f2nu  tg1, . . . , gru and g1   . . .   gr
and the orresponding (ordered) intervals by I1   I2   . . .   Ir. Then we an introdue
numbers
(3.13) bi 
1
2


tj ; supp fj  supp g
piq
u

 , i  1, . . . , r .
Of ourse, b1   b2   . . .   br  n. If there exists a pair partition whih is adapted to
pf1, . . . , f2nq, then numbers bi are integers and the following easy proposition holds.
Proposition 3.4. If f1, . . . , f2n P Θ have pairwise idential or disjoint supports and
pπ, σq  pπσp1q, πσp2q, . . . , πσpnqq P ONC
2
2n is adapted to pf1, . . . , f2nq, then
λp∆
pπ,σqq 
r
¹
i1
pλpIiqq
bi
bi!
where λ denotes the (1-dimensional as well as n-dimensional) Lebesgue measure.
Proof. Sine the volume of ∆
pπ,σq does not depend on σ, we have
λp∆
pπ,σqq 
»
∆
ppi,idq
dt1 . . . dtn 
r
¹
i1
pλpIiqq
bi
bi!
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whih gives the assertion. 
Theorem 3.1. If f1, f2, . . . , fn P Θ have pairwise idential or disjoint supports, then
(3.14) ϕpωpf1qωpf2q . . . ωpfnqq 
r
¹
i1
pλpIiqq
bi
bi!
¸
PPONC2n
Ppf1,...,fnq
wpP q .
Proof. Of ourse, if n is odd, the above moments vanish, whih gives the assertion
sine (3.14) is a sum over the empty set. Assume therefore that n  2k. First, observe
that Lemma 3.1 gives
ϕpωpf1qωpf2q . . . ωpf2kqq 
¸
πPNC2
2k
ϕ paπpf1, f2, . . . , f2kqq

¸
piPNC2
2k
πpf1,...,f2kq
ϕ paπpf1, f2, . . . , f2kqq .
If π  tπ1, . . . , πku P NC
2
2k, then to eah number i P t1, . . . , ku we an assign the
number li P t0, 1, . . . , ku, in suh a way that blok πli is a neighboring outer blok of πi
whenever πi has any outer bloks, and otherwise we set li  0 and t0  0. Notie that
ϕ paπpf1, f2, . . . , f2kqq 
»
suppπ
wpt1, tl1q . . . wptk, tlkqdt1 . . . dtk .
Therefore, we have
ϕ pωpf1qωpf2q . . . ωpf2kqq 
¸
piPNC2
2k
πpf1,...,f2kq
»
suppπ
wpt1, tl1q . . . wptk, tlkqdt1 . . . dtk

¸
ppi,ρqPONC2
2k
pπ,ρqpf1,...,f2kq
»
∆
ppi,ρq
wpt1, tl1q . . . wptk, tlkqdt1 . . . dtk

r
¹
i1
pλpIiqq
bi
bi!
¸
PPONC2
2k
Ppf1,...,f2kq
wpP q ,
using Propositions 3.3 and 3.4. 
Remark 3.2. Note that there are two reasons why the mixed moments (3.14) depend
on the supports of the fi's. The rst one is the presene of the lenghts of intervals
I1, . . . , Ir (in fat, in order that the RHS be not zero, eah fi must appear an even
number of times and therefore eah lenght an be replaed by an inner produt). The
seond one is the fat that the summation runs only over these P whih are adapted to
pf1, f2, . . . , fnq. For instane, if f1   f2   . . .   fm and g1 ¡ g2 ¡ . . . ¡ gm, we obtain
fatorizations
ϕpωpf1q . . . ωpfmqωpfmq . . . ωpf1qq  q
n1ϕpω2pf1qq . . . ϕpω
2
pfnqq
ϕpωpg1q . . . ωpgmqωpgmq . . . ωpg1qq  p
n1ϕpω2pg1qq . . . ϕpω
2
pgnqq.
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pp, qq-interpolation t-deformation tÑ pp   qq{2
aaaaaa 1 1 1
aaaaaa pp  qq{2 t pp  qq{2
aaaaaa pp  qq{2 t pp  qq{2
aaaaaa pp2   pq   q2q{3 t2 pp2   2pq   q2q{4
aaaaaa pp2   4pq   q2q{6 t2 pp2   2pq   q2q{4
°
ppp  qq2   2p  2q   2q{2 2t2   2t  1 ppp  qq2   2p  2q   2q{2
Table 1. Comparison of mixed moments.
In partiular, if q  1, the rst property reets the so-alled `pyramidal fatorization'
of the mixed moments [12℄. In fat, it is not hard to see that for q  1 we get pyramidal
fatorization for all mixed moments of type ϕpc1 . . . cndn . . . d1q, where ci, di are arbitrary
elements of the unital algebra Ai  x1, apfiq, apfiqy, 1 ¤ i ¤ n. If q  1, the rst
formula an be generalized to a `non-unital q-pyramidal fatorization', in whih ci, di P
xapfiq, a

pfiqy. A similar extension of the seond formula is also possible. In fat,
one an show that for q  1 our proesses satisfy all three onditions of the so-alled
`generalized Brownian motion' given in [6℄ (pyramidal fatorization, stationarity and
gaussianity).
Example 3.2. In this example we will evaluate the sixth moment of ωpfq for f  χ
r0,1q
by omputing the ontributions assoiated with all partitions P P ONC2
6
orresponding
to produts of reation and annihilation operators. These ontributions will be om-
pared with their ounterparts obtained for the moments of t-deformed operators studied
in [7℄. We have
ϕpω6pfqq  ϕpaaaaaaq   ϕpaaaaaaq   ϕpaaaaaaq
 ϕpaaaaaaq   ϕpaaaaaaq.
These mixed moments of reation and annihilation operators are given in Table 1. Anal-
ogous omputations an be done for t-deformed reation and annihilation operators. In
Table 1 we ompare the values of the summands in the above equation for the pp, qq-
interpolation and for the t-deformation. The main observation is that, in general, the
mixed moments of pp, qq-free reation and annihilation operators are dierent than the
orresponding mixed moments of t-deformed operators. In partiular, for p  0 (arsine
law), the t-deformed moments do not reprodue the moments in the monotone ase.
Moreover, we an ompare two ombinatorial formulas for the moments. It follows
from [7℄ that the even moments of Kesten laws (1.4) satisfy the equation
(3.15) µ2n 
¸
πPNC2
2n
tinpπq 
n1
¸
k0
Dpn, kqtk
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for n ¥ 1, where t  pp   qq{2 and inpπq is the number of inner bloks in π and the
Dpn, kq are the so-alled Delaney's numbers, whih give the numbers of pair partitions
in NC22n whih have exatly k inner bloks. They are given by the expliit formula
Dpn, kq 

n  k  1
k




n  k  1
k  1


,
where k P t0, 1, . . . , n 1u, n ¥ 1, and
 
n
1

 0.
Denition 3.5. For n ¥ 1, the numbers of partitions from the set ONC22n whih have
exatly k disorders and j orders will be alled generalized Euler's numbers and will be
denoted Epn, k, jq, i.e.
Epn, k, jq 


tP P ONC22n; epP q  k and e
1
pP q  ju


where 0 ¤ j, k ¤ n 1.
Using [7℄ and the results of this Setion, we an nd a relation between Delaney's
numbers and generalized Euler's numbers.
Proposition 3.5. For n ¥ 1 and k P t0, 1, . . . , n 1u, it holds that
Epn, k, jq 
n!
2k j

k   j
k


Dpn, k   jq .
Proof. Substituting t  pp   qq{2 in (3.15) and performing elementary algebrai
alulations, we obtain
µ2n 
n1
¸
k0
n1
¸
lk
Dpn, lq
2l

l
k


pp  qqk ,
for n ¥ 1. On the other hand, we know that
µ2n 
1
n!
¸
PPONC2
2n
pepP q 
n1
¸
k,j0
Epn, k, jq
n!
pp   qqk
Comparing the oeients of these two polynomials, we get the desired relation. 
4. Central limit theorem on disrete free Fok spae
In this setion we will dene disrete free reation and annihilation operators on the
free Fok spae FpHq over a Hilbert spae H with a xed orthonormal basis teiu8i1 (for
a disussion of the disrete free Fok spae, see [23℄). Using them, we will formulate
an elementary version of the entral limit theorem for `pp, qq-independent' random vari-
ables. An abstrat treatment of the notion of independene involved here goes beyond
the sope of this artile and will be given in a separate paper.
Using the innite matrix
wi,j 
$
&
%
p if i   j
q if i ¡ j
1 if i  j
,
we dene a resaled orthogonal basis in FpHq,
ei1 f ei2 f . . .f ein 
?
wi1,i2wi2,i3 . . . win1,inei1 b ei2 b . . .b ein
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where i1, i2, . . . , in P N. It is easy to see that
xei1 f ei2 f . . .f ein , ej1 f ej2 f . . .f ejny  δi1,j1δi2,j2 . . . δin,jnwi1,i2wi2,i3 . . . win1,in
Using this basis, we dene the reation operators Ai, i P N by equations
AipΩq  ei
Ai pei1 f ei2 . . .f einq  ei f ei1 f . . .f ein
with their adjoints, annihilation operators, ating as follows:
Ai pΩq  0
Ai pejq  δi,jΩ
Ai pei1 f ei2 f . . .f einq  wi1,i2δi,i1 pei2 f ei3 f . . .f einq
We will study the asymptoti behavior of normalized sums
(4.1) SN 
1
?
N
N¸
i1
ωi ,
where ωi  Ai A

i for i P N. It is easy to see that the position operators ωi have mean
zero and variane one with respet to the vauum state ϕ on FpHq. They will play the
role of `independent' random variables in the entral limit theorem. In the propositions
given below we state their properties whih are rather standard in the entral limit
ontext.
Proposition 4.1. If, among the indies i1, i2, . . . , in P N, there exists ij, j P rns, suh
that ij  ik for and k  j, then ϕpωi1 . . . ωinq  0. If, in turn, pi1, i2, . . . , i2nq is a
sequene of indies assoiated with a partition P P OP2
2n, then
ϕpωi1 . . . ωi2nq 
#
wpP q if P P ONC2
2n
0 if P R ONC22n
.
Proof. The rst assertion is the usual singleton ondition, whih learly holds in our
ase. In seond assertion is obvious if P R ONC22n (it easily follows from the denition
of the Ai and the A

i ). Suppose that P P ONC
2
2n. Then there exists r suh that
ir  ir 1  ir 2  . . .  in. Therefore
ϕpωi1 . . . ωinq  xωi1 . . . ωir1A

ir
Airωir 2 . . . ωinΩ,Ωy
 wir 1,ir 2xωi1 . . . ωir1ωir 2 . . . ωinΩ,Ωy
 wir 1,ir 2ϕpωi1 . . . ωir1ωir 2 . . . ωinq,
where wir 1,ir 2 is equal to p or q, depending on whether ir 1   ir 2 (then blok tr, r 1u
forms a disorder with its neighboring outer blok) or ir 1 ¡ ir 2 (then blok tr, r   1u
forms an order with its neighboring outer blok), respetively, and otherwise wir 1,ir 2 
1 (then blok tr, r 1u does not have outer bloks). The assertion follows from indution.

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Theorem 4.1. It holds that
lim
NÑ8
ϕ
 
S2nN


1
n!
¸
PPONC2
2n
wpP q
and the odd moments vanish in the limit.
Proof. The proof is standard sine the mixed moments of the ωi are invariant under
order preserving injetions, whih gives
ϕ
 
S2nN


1
Nn
¸
i1,...,i2n
ϕpωi1ωi2 . . . ωi2nq 
1
Nn
2n¸
r1

N
r


¸
PPOP2nprq
ϕpωP q .
where OP2nprq is the set of ordered partitions of the set rns whih have r bloks and
ϕpωP q denotes ϕpωi1ωi2 . . . ωinq for any sequene pi1, i2, . . . , inq assoiated with P . Using
Proposition 4.1 and standard arguments, we obtain the assertion. 
5. Poisson proesses
In this Setion we shall introdue proesses of Poisson type, denoted pγtqt¥0 whih
orrespond to the pp, qq-Brownian motion studied in the previous Setion. The moments
of γt in the vauum state on FpR q are given by the ombinatorial formula
ϕpγnt q 
¸
PPONCn
tbpP q
bpP q!
wpP q ,
where t ¡ 0 (p, q are supressed in the notation). Again, as in the ase of position
proesses, for pp, qq  p1, 1q we obtain the moments of the free Poisson proess [22℄
given by
ϕpγnt q 
¸
πPNCn
tbpπq
where bpπq denotes the number of bloks of π. In turn, for pp, qq  p0, 1q we get the
moments of the monotone Poisson proess
ϕpγnt q 
¸
PPMONn
tbpP q
bpP q!
,
see [20℄. Therefore, the proess pγtqt¥0 plays the role of a natural interpolation between
these two proesses.
To onstrut γt we shall use the gauge operator (Denition 3.3) assoiated with the
harateristi funtion χ
r0,tq, namely mt  Mpχr0,tqq, whih is given by the expliit
formula
mtΩ  0 ,
mt pf1 f f2 f . . .f fnq  pχr0,tqf1q f f2 f . . .f fn .
Suh operators were used also in the free ase in a similar ontext [22℄, where the Poisson
proess was dened as lt   l

t   l

t lt   mt, where lt denotes the free reation operator
assoiated with the funtion χ
r0,tq.
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An analogous form of the Poisson proess will be adopted for the pp, qq-interpolation,
namely
(5.1) γt  at   a

t   a

t at  mt
and will be alled the pp, qq-Poisson proess. From Proposition 3.3 it follows that
at at  nt Mpχr0,tq, χr0,tqq is another gauge operator given by the expliit formula
ntΩ  tΩ ,
nt pf1 f f2 f . . .f fnq  pWf1q f f2 f . . .f fn
where W psq 
³t
0
wpu, sqdu 
 
pp qqs  qt

.
Example 5.1. Let us ompute low order moments of the pp, qq-Poisson proess.
〈
γ1tΩ,Ω
〉
 t ,
〈
γ2tΩ,Ω
〉
 t   t2 ,
〈
γ3tΩ,Ω
〉
 t  
p  q   4
2
t2   t3 ,
〈
γ4tΩ,Ω
〉
 t  
3p  3q   6
2
t2  
p2   pq   q2   3p  3q
3
t3   t4 ,
〈
γ5tΩ,Ω
〉
 t   p3p  3q   4qt2  
11p2   11pq   11q2   24p  24q   36
6
t3
 
3p3   3p2q   3pq2   3q2   8p2   8q2   18p  18q   48
12
t4   t5
For instane, we get
〈
γ4tΩ,Ω
〉
 t
〈
γ3tΩ,Ω
〉
 
〈
γ3t
 
χpt1q

,Ω
〉
 t
〈
γ3tΩ,Ω
〉
 
〈
γ2t
 
χpt2qχpt1q   pW pt1q   1qχpt1q   tΩ

,Ω
〉
 t
〈
γ3tΩ,Ω
〉
  t
〈
γ2tΩ,Ω
〉
 
〈
γt
 
pW 2pt1q   3W pt1q   1qχpt1q   pt 
p  1
2
t2qΩ

,Ω
〉
 t2  
p  q   4
2
t3   t4   t2   t3
 
» t
0
pW 2pt1q   3W pt1q   1qdt1   t
2
 
p  q
2
t3
 t 
3p  3q   6
2
t2  
p2   pq   q2   3p  3q   9
3
t3   t4 .
where, for simpliity, we denote χ  χ
r0,tq.
Before we ompute all moments of γt, we introdue some notations. Let π 
tπ1, . . . , πbu P NCn be a partition of rns. Let us divide the set rns into the follow-
ing disjoint subsets:
aπ 
 
i P rns; DrPt1,...,bu |πr| ¡ 1, i  max πr
(
a

π 
 
i P rns; DrPt1,...,bu |πr| ¡ 1, i  min πr
(
mπ  rnszpnπ Y aπ Y a

πq
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cπ  a

t a

t ntmtnta

t atatatntÝÑ
q q q q q q q q q q
1 2 3 4 5 6 7 8 9 10
Figure 4. Partition π and the orresponding operator cπ.
nπ 
 
i P rns; DrPt1,...,bu πr  tiu
(
.
In other words, the sets a

π and aπ onsist of left and right legs of the bloks of π,
respetively, mπ orresponds to the `middle' legs of the bloks π1, . . . , πb and the set nπ
orresponds to singletons in π.
Using these sets, we an assign to eah π  tπ1, . . . , πbu P NCn an operator cπ 
c1 . . . cn, where
ci 
$
'
'
'
'
&
'
'
'
'
%
at if i P aπ
at if i P a

π
mt if i P mπ
nt if i P nπ
.
Of ourse, the mapping π Ñ cπ is one-to-one, but it is not onto. However, the produts
of operators at, a

t , nt, mt, whih do not orrespond to any non-rossing partition π will
turn out irrelevant. In Fig.4 we show a non-rossing partition π P ONC10p5q with the
orresponding operator cπ. In turn, examples of produts whih do not orrespond to
any non-rossing partitions are given by mtmtmt, a

t atat, ata

t a

t at.
Lemma 5.1. Let c1, . . . , cn P tat, a

t , mt, ntu, be a sequene of operators, for whih there
exists no partition π P NCn suh that cπ  c1 . . . cn. Then xc1 . . . cnΩ,Ωy  0.
Proof. Observe that if cπ  c1 . . . cn for all π P NCn, then one of the following three
ases must hold:
1. The number of reation operators at in the sequene c1, . . . , cn must be dierent from
the number of annihilation operators at . Then the assertion is ertainly true.
2. There exists i P rns suh that among ci, ci 1, . . . , cn there are more annihilation
oparators at than reation operators at. In that ase, the assertion ertainly holds.
3. There exists i P rns suh that ci  mt and in the sequene ci 1, . . . , cn there are as
many annihilation operators at as reation operators at. Then we have
xc1 . . . cnΩ,Ωy  xc1 . . . ci1mtCΩ,Ωy  0 ,
for a ertain onstant C. 
Theorem 5.1. The moments of the Poisson proess pγtqt¥0 in the vauum state are
given by
ϕpγnt q 
¸
PPONCn
tbpP q
bpP q!
wpP q
for any n P N, and ϕpγ0t q  1.
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Proof. First, notie that from Lemma 5.1 it folows that
ϕpγnt q 
¸
πPNCn
〈cπΩ,Ω〉 ,
and therefore it sues to show that if π P NCn has bpπq  b bloks, then it holds that
〈cπΩ,Ω〉 
tb
b!
¸
σPSb
wpπ, σq
where wpπ, σq  wpP q for P  pπ, σq. For that purpose, let us onstrut a pair-partition
π2 P NC2
2b suh that 〈cπΩ,Ω〉  〈aπ2Ω,Ω〉 and epπ, σq  epπ
2, σq, e1pπ, σq  e1pπ2, σq for
any permutation σ P Sb, where aπ2 is the abbreviated notation for aπ2pχ
r0,tq, . . . , χr0,tqq.
Let us notie that in the produt cπ we an omit all ourenes of mt sine they
orrespond to the `middle' legs of bloks of π, and therefore their ation will not hange
the value of 〈cπΩ,Ω〉. In other words,
〈cπΩ,Ω〉  x
 
Ñ
¹
iPapiYapiYn

pi
ci

Ω,Ωy  〈cπ1Ω,Ω〉 ,
where π1 is a ertain non-rossing partition with b bloks, eah onsisting of one or two
elements. Substituting the operator at at for eah mt in the produt cπ1 orresponds
to replaing singletons by two-element bloks ti, i   1u. Therefore, cπ1  aπ2 for a
ertain pair-partition π2 P NC2
2b. Moreover, from the onstrution of π
2
it follows that
epπ, σq  epπ2, σq and e1pπ, σq  e1pπ2, σq for any permutation σ P Sb. Now, from the
proof of Theorem 3.1 we have
〈cπΩ,Ω〉  〈aπ2Ω,Ω〉 
tb
b!
¸
σPSb
wpπ2, σq 
tb
b!
¸
σPSb
wpπ, σq ,
whih ompletes the proof. 
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